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Are Prime Numbers Random?

[ 2,3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, ..... ]

[ Euclid:  There are infinitely many prime numbers. ]

Proof. Suppose NOT and py, ps, ..., p,. Consider the number
N = pipy---pp+ 1. Observe p; t N for all i. Therefore, N is not divisible by
any of the primes in our list.
This implies that either:
e N is itself prime, or

e NN has a prime divisor not in the list.



Gaps Between Consecutive Primes

[ Gap = difference between consecutive primes ]
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« Gaps are always even,

« Smallest gap: 1 (between 2 and 3) « Largest gap (shown): 18 (between 523 and 541) | « Average gap (shown): 4.84
except for the first gap (1).



Can we detect any pattern in the distribution of primes?



Prime Counting Function

For x > 1,

p<T
p prime
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Prime Number Theorem (Hadamard and de la Vallée Poussin, 1896)
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Euler (18th century): Consider the series

1111 X
—S=lb gttt s>
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Figure: Leonhard Euler



Euler (18th century):

i1_1+1+1+1+ o
p? 2224 -6

Figure: Leonhard Euler



Theorem (Euler Product)

For s > 1, we have

=1 1

]_ — S
p prime p



Theorem (Euler Product)

For s > 1, we have

Proof: For s > 1




Theorem (Euler Product)

For s > 1, we have

=1 1
;E: H 1—p—s

p prime

Proof: For s > 1

1 =1
ppgmel_p_s _ppgmegpks'

1

Expanding this product formally, each term is of the form —— -~ where
P p

1 2 r
only finitely many k; are nonzero. By the fundamental theorem of arithmetic,
every integer n > 1 can be uniquely written as n = p’fl pIQ€2 e p’;
U



Riemann (1859):

Figure: Bernhard Riemann



We study:

e where the function converges

e how it behaves

e where it becomes zero Figure: Bernhard Riemann

As |n~%| = n~ "), Therefore, {(s) converges absolutely for R(s) > 1.



Q: What will be ((s) for £(s) <17



e Analytic Continuation
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e Analytic Continuation

Example: Take
l4+z+2°+2°+--+  wvalid for |z| < 1.

Also,
142422+ =

But - makes sense for z € C\ {1}.



e Analytic Continuation

e Functional Equation

5\ ams2e(s) = T (128 90201 —
I‘<2>7r ¢(s) F( 5 )7r ((1—s) forall seC




e Functional Equation

r <§> 7% (s) =T (1 — 8) 7= 1=9/2¢(1 —5) forall seC




e Functional Equation

S s2p(q) 1 (L5 ~a-9r2p g
F<2>7r ¢(s) r( > )7r C(1—s) forall seC

where ['(s) := [~ e~ 1dt is the Euler Gamma function defined for

R(s)>0.
R(s)<0 <= R(1-—3s5)>1



e Functional Equation

e T ol i Y Y
F<2>7r ¢(s) F( ) )7r ((1—s) forall seC

where T'(s) := [~ e7't*"!dt is the Euler Gamma function defined for
R(s) >0 and I'(n) = (n — 1)! for n € Z.

R(s)<0 <= R(1-—35)>1
Q: What about ((s) for 0 < R(s) < 17



Q: What about ((s) for 0 < R(s) < 17

For R(s) >0, s #1

C(s)zi—s Ooﬁdx

1
s—1 e

where {z} is the fractional part of z (i.e., z — |x]).

L

e ((s) has a simple pole (singularity) at s = 1.



For R(s) > 1:

Zeros of zeta function

Suppose ((sg) = 0, for some s

o IO

p prime

FACT: [[(1 — a,) converges to a non-zero value if the sum »_ |a,| converges.

Since Y [p~*| converges for R(sg) > 1, the product [[(1 — p~*°) must
converge to a non-zero limit. Therefore, 1/{(sg) cannot be infinite, and ((sg)
cannot be zero. Contradiction.




For R(s) < 0:| Recall the functional equation

s

((s) = 2°7° 'sin <7> I'(1—s)¢(1—s)

1. I'(1 — s): The Gamma function has no zeros. (It has poles at
0,—1,—2..., but since R(s) < 0, ®(1 — s) > 1, where I' is well-behaved).
2. ((1 —s): We have already proved that ((s) # 0 for (s) > 1.
Therefore, ((s) = 0 if and only if sin (%) = 0.

gzlm — s=2%, keZ

In the region R(s) < 0, the valid integers are k = —1, -2, -3, ...

’s = —2,—4,—6,.... These are the trivial zeros.




For R(s)

1:] (1 +it) # 0 for all real t # 0 (trust me on this!).

For R(s)

0:|FE = ((s) #0. Since if s =it then 1 — s =1 —it.

imaginary axis
critical strip 0<Re(S)<1

A il\

t + » real axis
-4 -3 -2 -1 0 Yo |1

trivial zeros (-2, -4, -6, ...)
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The Riemann Hypothesis: All non-trivial zeros of {(s) lie on R(s) = %




The Riemann Hypothesis: All non-trivial zeros of {(s) lie on £(s) =

N[ =

A
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Q: How is ((s) related to distribution of primes?



Define (Chebyshev function)

:ZA Zlogp

n<e pm<x

1 ifn=p" m>1
where A(n) = cep Atn .p =7 s Von Mangoldt function.
0 otherwise



Define (Chebyshev function)

:ZA Zlogp

n<e pm<x

ifn=pm,m2>1
where A(n) = {;ng 1thn .p "= s Von Mangoldt function.
otherwise




Von Mangoldt (1895):

¢<x>:x—;f—%—§mga—x—2> (0> Lo #p™),

where the sum is over non-trivial zeros p = 3 + iy of {(s).

\

Here zf = xPeivlogz,

X

C(14idt)#0fort #0 < n(zx) ~ gz



s N

Von Mangoldt:

w(x)zx—;f—%—%log(l—x2) (x> 1,2 #p™)

where the sum is over non-trivial zeros p = 5 + iy of ((s).

. J

Landau (Explicit Formula): For T' > T uniformly in 7', we have

P(r) =1a— Z - + O(zT ' (log 2T)?) + O(log 7)

<t P

where the sum is over non-trivial zeros p = /3 + iy of ((s).

\




Relation Between PNT and RH

RH = PNT.
The difference lies in the error term of the approximation to (z).

Without RH (PNT alone):

n(z) = Li(z) + 0(10250) .

With RH:
m(x) = Li(x) + O(y/xlog ).

Similarly,
Y(x) =+ O(Valog® z).



and

ni=1 1 no=1
00
1
=2 X
ns
n=1 ni,n2>1
ning=n




Generally,

n

¢ (s) = Z dk(:w for R(s) > 1
n=1
where

dp(n) == #{(n1,ng,....;n) € N:n=nyng..ng} for k > 2.



Unsolved
Z A(n?*+1) =7

n<T
Gauss Circle Problem

Z 1 =mx+ E(x); E(z) = 20627

ni,n2€ZL
n%—i—n%ﬁx



Theorem (with S. K. Singh, 2025'?)
Let X > 1, and o € Z\ {0}. Then for any € > 0, we have

5 5 -+ ) XA )+ 0,60

ni~X no~X
where Ro(y) is a polynomial of degree 2 in y.

Theorem (with S. K. Singh, 2025'3)
Let X > 1, and o € Z\ {0}. Then for any € > 0, we have

D D dslm)d(ni +and) = X*Ry(log X) + O-(X*57°),

ni~X no~X

where R3(y) is a polynomial of degree 3 in y.

I3H. Chanana and S. K. Singh, Sum of the GL(2) Fourier coefficients over quadratics with arithmetic
weight, Submitted (2025).



Thanks for your attention!



