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Finite groups recap

Definition
A group is a set G and binary operation *x such that the following
properties hold:

© Closure:

® Associativity:
© Ildentity:

O Inverses:
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Finite groups recap

Definition

A group is a set G and binary operation *x such that the following
properties hold:

© Closure: forall z,y € G, x xy € G
® Associativity: forall z,y,2 € G, (x *y) x 2 = x x (y * 2)

© ldentity: there exists a unique element e € G such that
zxe=exx=gforalzcqG

O Inverses: for all = € G, there exists a unique 2~! € G such that

xxx =z lxzr=ec.
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(Group) Presentations

Groups can be defined using presentations

G2 (S|R)

e S := (finite) generating set
® R := relators

Idea: if two words u,v € (S U S~!)" represent the same group element
in G, then u <> v via inserting or deleting:

ssTt s7lsforseS, or reR

S ={a,b,c}, R = {ab=ba,ca = a"'c}.

1

ab~ 1 ba"caach = aa"*caach = caach = a"each
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(Group) Presentations

Some better examples:
¢ (a|a"=1)=C),
® (a,b|a”=0b%=(ab)®? =1) = D,
® g =(1i+1)

2 . . .
(01,...,0n-1 |0 =1,0i0; =0j0;if j #i£1,
0i0i410; = 0i410i0i41)

~q,
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(Group) Presentations

Some better examples:
e (a]a"=1)=C,

® (a,b|a”=0b%=(ab)®? =1) = D,

® g, = (Z 7+ 1)
2 . . .
(01,...,0n-1 |0 =1,0i0; =0j0;if j #i£1,
0i0i410; = 0i410;041)
~ g,
[ ]

{a,b | ab = ba) = Z*: free abelian group

(S| @) = Fg: free group
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Right-angled Artin groups

Definition

Let I be a finite simple graph. The right-angled Artin group on T,
denoted Ar, is the group defined by the following presentation:

Ar = (V() | [u,v] = 1 if and only if {u, v} € E(T))

74 Fy x Fy Fy
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Decision problems

Definition (Dehn, 1911)
Let G be a finitely presented group, given by a presentation (X | R).
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Decision problems

Definition (Dehn, 1911)

Let G be a finitely presented group, given by a presentation (X | R).

¢ Word problem(WP(G)): Given an arbitrary word w € X*, does
there exist an algorithm to determine whether or not w =5 1?

¢ Conjugacy problem(CP(G)): Given an arbitrary pair of words
u,v € X*, does there exist an algorithm to determine whether or
not there exists a word g € X* such that v =¢ gug™".

Let H be a finitely presented group, given by a presentation (Y | T').

¢ Isomorphism problem: Does there exists an algorithm to
determine if G = H, based on their given presentations.

In general, these problems are undecidable.
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Decision problems in RAAGs

RAAGs: all 3 decision problems are known :)

® [somorphism problem (Droms): Ar 2 Ay & T'= A

e WP and CP: linear time solution (Crisp, Godelle and Wiest)

Problem: multiple words over generators can represent the same
group element
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Words and group elements in RAAGs

r: a b c Ar = (a,b,c | ab = ba, bc = cb)
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Words and group elements in RAAGs

r: a b c Ar = (a,b,c | ab = ba, bc = cb)

a *be tabac = a" e Yhabac = a ¢ Ybaabe = . ..

Question: how do we find unique representatives for each group
element?

Answer: by drawing pictures!

Better answer: by constructing pilings.
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What next

Definition
Let G be a finitely presented group, given by a presentation (X | R).
The twisted conjugacy problem(TCP((G)) takes as input two words
u,v € X* and decides whether there exists g € G such that

v =¢(g)ug !,

for some ¢ € Aut(G).
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What next

Definition
Let G be a finitely presented group, given by a presentation (X | R).
The twisted conjugacy problem(TCP((G)) takes as input two words
u,v € X* and decides whether there exists g € G such that

v =¢(g)ug !,

for some ¢ € Aut(G).

Motivation:
e Stronger version of CP(G)

¢ Decidable/undecidable TCP(G) can lead to
decidable/undecidable CP(G’) for extensions G’ of G, i.e. G < G'.
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Theorem (C, 24)

The twisted conjugacy problem TCP(Ar) is solvable for all RAAGs,
with respect to length-preserving automorphisms.

This problem is decidable in linear time when ¢ € Aut(Ar) is a
composition of inversions.

ldea: adapt CGW algorithm for CP(Ar)
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Automorphisms of RAAGs

r: a b c Ar = (a,b,c | ab = ba, bc = cb)

Example 1: inversions
pra—al, bbbl e e
Example 2: graph automorphisms
Yrarc, b—b c—a

Known as length-preserving automorphisms.

(Autos of RAAGS: Laurence, Servatius)
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(Normal) conjugacy: Twisted conjugacy:
a tbe ~ ca b d:asa bbbt c—e
cla " be)e ™ = ca™th a tbe ~gctaTth
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Some ideas

a b c

(Normal) conjugacy:

a tbe ~ ca” b

cla™tbe)e™! = ca™lb

= cyclic permutations preserve
conjugacy.

Gemma Crowe

Ar = (a,b,c | ab = ba, bc = cb)
Twisted conjugacy:

d:asa bbbt c—e
a 1be ~e cta
o(c) (@ be)e™t = ¢ ta et
=ca b

= ¢-cyclic permutations preserve
¢-conjugacy.
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Let’s start at the beginning

e Love at first sight
e Career aspirations - no idea!

e Dream job: do maths all day
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Undergrad

- University of
e %> St Andrews

MMath (Hons) Pure
Mathematics

3 ‘;V \/ST
b ANDREWS

Liked graph theory,
combinatorics, galois theory

LOVED group theory

Career aspirations - maybe
academia...
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PhD

- HERIOT
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UNIVERSITY

PhD in Mathematics
Covid (boo)

Travel: France, Germany,
Switzerland, Belgium

HERTOT-
WATT

Rollercoaster ride

e Career aspirations - still
maybe academia...
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MANCHESTER
1824

The University of Manchester

¢ Research Fellow, HIMR
¢ Biggest change so far

e Career aspirations - we shall
see...
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Inspirational thoughts
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are unclear, chances are
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Inspirational thoughts

e |t's good to ask when things Ignore the negativity
are unclear, chances are

others don’t understand too.

Maths isn’t everything!

Look back from time to time

e Say yes, but not to Wha’,t is right for
everything. you:

e Grades aren’t everything
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Thank you for listening!

Any questions?
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